We have studied bound states of the Schrödinger equation for a linear potential together with any finite number (P ) of Dirac delta functions. For x ≥ 0, the potential is given as
Introduction
The linear potential V = f r is commonly utilized to describe confined particles since it tends to infinity as r → ∞. The charmonium is a good example of such a system and it is successfully described by means of a linear potential [1] . Linear potentials are also used to model systems in solid state physics [2] , high energy physics and statistical physics [3, 4] . The Schrödinger equation with linear potential is exactly solvable [5] .
Dirac delta potentials are very useful to model contact or very short range interactions [6] . The Kronig-Penney model, contact interactions of some particles with ring shaped polymeric molecules, and carbon nanotubes are some of the physical systems which may be modelled by using Dirac delta potentials [7, 8, 9] . Additionally, Uchino and Tzutsi used Dirac delta potentials in their interesting study on supersymmetry in quantum mechanics [10] .
The aim of this paper is to introduce the Dirac delta decorated linear potential and solve it for the most general case. It may be useful to consider this potential to model systems that have very short range interactions in addition to a linear potential. Extremely narrow one-dimensional quantum wells, such as layered GaAs/GaAlAs structures, can be synthesized [11] . Bound states of a charged particle in the presence of an external constant electric field in multiple ultrathin quantum wells (or impurities) can be investigated by using our model, using Dirac delta functions to describe the ultrathin quantum wells (or impurities). Particle scattering and photoionization problems related to such systems can be studied by introducing Dirac delta potentials [12, 13] . A potential which is created by charge transfers at junctions of heterostructures such as GaAs/GaAlAs can be approximately modelled using a linear potential. These types of quantum wells are called triangular quantum wells [14] . Very short-range impurity effects on top of this linear potential in a triangular quantum well can be investigated by using Dirac delta functions.
In Section 2, we present solutions of the one-dimensional Schrödinger equation with Dirac delta decorated linear potential. We first find transfer matrices and then the total transfer matrix, which is necessary to determine an energy eigenvalue equation using the method described in [7] . We obtain the ground state energy numerically for P=1, 2, 4, 8 cases with attractive and repulsive Dirac delta potentials. For P=1, we calculate the eigenvalue equation explicitly and check the limit where σ, the strength of the Dirac delta potential, goes to zero to obtain the well-known eigenvalue equation for the linear potential [5] . We also investigate the change in ground state energy for a potential with Dirac delta functions at random locations.
Results and Discussions
We first obtain the wavefunctions of the Schrödinger equation
where, for x ≥ 0, the potential is given as
and the potential is infinite for x < 0. Here, the positions of the Dirac delta functions x i are positive and the σ i are arbitrary real numbers (where a positive σ i represents an attractive potential while a negative σ i represents a repulsive one). We take the strengths of the Dirac delta functions as − 2 2m σ i for computational convenience. Introducing
, we obtain from Equation (1)
We denote (0, x 1 ) as the first interval, (x i , x i+1 ) for i = 1, ..., P − 1 as the (i + 1) th , and (x P , ∞) as the (P + 1) th . Defining
Equation (3) becomes
where
This equation reduces to an Airy differential equation for u = u i . The solutions of this differential equation are the Airy functions Ai (u) and Bi (u). The boundary conditions at x = 0 (u = −k 2 l 2 ) and x = ∞ (u = ∞) force us to choose
We define Ψ A = Ai (u) and
as the functions which satisfy the boundary conditions at x = ∞ and x = 0, respectively. Hence, the wave function for the first (leftmost) interval is
where b 1 is a constant. By varying the σ i , Bi (−k 2 l 2 ) may become zero with λ going to infinity. However, we first consider Bi (−k 2 l 2 ) = 0 and then study the cases Bi (−k 2 l 2 ) = 0. Similarly, by using the boundary condition at x = ∞
is taken as the wavefunction of the (P + 1) 
where a i and b i are determined by applying the boundary conditions at the interfaces of the intervals and normalizing the wavefunction. By integrating Equation (3) from x i − ǫ to x i + ǫ and taking the limit ǫ → 0 + , we find that the derivative will have a finite jump at x = x i (There is a finite difference between the derivatives at x = x i + ǫ and x = x i − ǫ). By using the continuity of the wavefunction and the jump in its derivative, we find the matrix equation
where primes denote differentiation with respect to x. Solving this equation for the column vector
where we have used the Wronskian
. Inserting Ψ A and Ψ B , Equation (11) becomes
where the transfer matrices M i are given as
in terms of the Ai (u) and Bi (u). Using these transfer matrices for a finite number of Dirac delta functions, we connect the coefficients related to the rightmost region to the coefficients of the leftmost region as
Defining the total transfer matrix X as
and noting that boundary conditions require a 1 = 0 and b P +1 = 0, we obtain the equation
for bound state solutions. This equation can be satisfied if and only if
which in turn yields the bound state energy spectrum of the system by using the roots k 2 of x 22 . It is instructive to obtain the energy spectrum equation for the P=1 case in order to observe how the energy eigenvalues change as the dimensionless parameter (σl) varies. Since we have derived the energy equation for the general case, it is now easy to obtain it for P=1 where the total transfer matrix reduces to M 1 . By equating the x 22 element of this matrix to zero, we obtain the desired eigenvalue equation
and u 1 =
Note that Equation (18) reduces to the well-known energy eigenvalue equation of the linear potential
, we solve Equation (18) numerically for 2ml 2 2 E g where E g is the ground state energy and observe that E g is a monotonically decreasing function of σl as shown in Figure (1) . We also show how the ground state energy changes with the position of Dirac delta function for σl = 2 in Figure ( 2). ∆E g is negative since we have used an attractive Dirac delta interaction. For very small and very large x 1 values, ∆E g will go to zero due to the boundary conditions. By using first order perturbation theory, it can be shown that ∆E n ∝ Ai
the n th root of Ai. However, there will be two minima of ∆E 2 for the first excited state which has a node and also becomes zero at the boundaries. Figure ( 3) shows the graph of ∆E 2 as a function of the position x 1 of the Dirac delta function. ∆E 2 is zero at the node of the first excited state wavefunction. In general, the change in energy levels as a function of the positions of Dirac delta functions will be a complicated function since there will be several extremum points of |Ψ n | 2 for excited states, n ≥ 2.
For P > 1 , the energy spectrum can be found by using equation (17). However, the x 22 element of the total transfer matrix becomes more complicated for these cases. For investigating the effects of attractive (A) and repulsive (R) Dirac delta potentials at x 1 = l, . . . , x P = P l on energy levels, we solve Equation (17) for the P=1, 2, 4, 8 cases with several different configurations. For demonstrating all these results together in a figure, we define configuration numbers for different ordered configurations presented in Table 1 . For example, for P=4, the four ordered Dirac delta functions shown as AAAA or A 4 has the configuration number 1, and ARRA or AR 2 A has the configuration number 7 (which has successive A, R, R, A Dirac delta functions at points x 1 , x 2 , x 3 , x 4 where x 1 < x 2 < x 3 < x 4 ). We choose configuration numbers such that configurations with more repulsive Dirac delta functions at smaller x i values have higher configuration numbers.
The ground state energy as a function of these configuration numbers is presented in Figures (4-A) and (4-B) with strengths σ = | 
for attractive (A) and repulsive (R) delta functions respectively). We notice that for the same |σ| value, the attractive Dirac delta functions decrease the energy (E g ) value more than the repulsive Dirac delta functions increase it. For example, compare the A 4 and R 4 cases with zero delta function values in Figures (4) and (5) . This can also be seen in Figure (1) for the P=1 case. One can qualitatively explain this effect by considering the change of the wave function. The wave function should have a kink at x = x i with a finite jump for derivatives at x = x i − ǫ and x = x i + ǫ in order to satisfy dΨ dx
| x=x i −ǫ = −σΨ. Thus, the wavefunction forms an outward kink and increases the value of |Ψ| 2 for attractive Dirac delta potential, and forms an inward kink and decreases the value of |Ψ| 2 for repulsive Dirac delta potential. Thus, the attractive Dirac delta functions will cause much bigger changes in energy E n since the energy change due to Dirac delta functions, ∆E n , is proportional to |Ψ n | 2 . In order to show how the energy levels of a charged particle change in case of one impurity located at x = l, in Table 2 we have investigated the change in the bound state energy levels where one Dirac delta function is added to the linear potential. We have exhibited E n in units of 2 2ml 2 for attractive (σl = 2) and repulsive (σl = −2) cases. The change in the ground state energy is the largest. As we have discussed above, this is due to the value of |Ψ n | 2 at the position of the Dirac function x 1 = l. Finally we investigated the change in ground state energy for 8 Dirac delta functions at random locations between 0 and 10 l. By using the given electric field E s = 7.5 10 4 V /cm and the effective mass of an electron m * = 0.067 m 0 for GaAs/GaAlAs heterostructure [14, 15] , we estimate the parameter l given in Equation (4) Table 2 The energies E n (in units of 2 2ml 2 ) for the low-lying bound states (n=1-10) with linear potential (LP) and delta decorated linear potential (DDLP) which contains one Dirac delta functions at x 1 = l. σl = +2 and σl = −2 represent attractive and repulsive Dirac delta potentials respectively.
that there exists, on average, one impurity per 50Å along a one-dimensional wire, which is a realistic choice. We have studied four cases: a) Attractive impurities: All the Dirac delta functions are attractive with strengths σ i l = 2, b) Repulsive impurities: All the Dirac delta functions are repulsive with strengths σ i l = −2, c) Mixed aR-Type impurities: The strengths of the Dirac delta functions are also determined randomly, as either σ i l = 1 or σ i l = −2, d) Mixed Ar-Type impurities: Same as in part c) but randomly chosen strengths are with σ i l = 2 or σ i l = −1. Cases a) and b) represent the model of one type (attractive or repulsive) of impurities in a system. Case c) and d) are for models of different type impurities in a system. For Case c), repulsive impurities have the strengths twice the strength of attractive ones. For Case d), it is the opposite. By performing these calculations, we have investigated the effects of locations, types and strengths of impurities on the ground state energy. We have done 1000 calculations for each cases. The number of ground states versus ground state energy (E g ) is plotted in Figures (6-9) for Cases a)-d). The intervals are chosen as the 0.1 unit on the x-axis to obtain box diagrams. Since the locations are chosen randomly, E g can have values in a wide range of energies. For these 1000 calculations, the average (E av ) and the maximum occurring energy (E peak ) are obtained and shown in Table 3 . Comparisons of the ground state energy E g = 2.338 of the linear potential with E av values for these four cases again demonstrate that the attractive interactions are more effective than repulsive interactions.
Triangular quantum well structures have been studied to explain the electronic properties of semiconductor heterostructures. For a GaAs/GaAlAs semiconductor, charge Figures (6-9 ) and text.)
transfers create an electric field at the junction of GaAs and GaAlAs. This electric field can be taken as approximately constant [14] . Thus, we obtain a linear potential due to this constant electric field. If there exist impurities in this system, then the effects of impurities should be added to this linear potential. In our paper, we investigate these effects by using Dirac delta functions which can model very short-range impurity potentials. As we mentioned above, this one-dimensional model can be used to describe the bound state energy levels of a charged particle which moves in a constant electric field ( − → E = −E 0x ) on the positive half-line with impurities at x = x i and impenetrable boundary at x=0. The linear potential due to the constant electric field will shift the Fermi level of this heterostructure by the amount of the ground state energy of the linear potential [14] . Thus, the ground state energy for the linear potential and hence the Fermi energy of the system change by adding impurities. By using the calculated l = 42Å for GaAs/GaAlAs and Dirac Delta interaction with strength σ = ), we find that the Fermi energy decreases by 56 meV (rises by 19 meV ) for an attractive (repulsive) Dirac delta function located at x 1 = l ( Table 2) .
Until this point, we have assumed Bi (−k 2 l 2 ) = 0. However, as σ varies, the solution of Equation (18) may yield k values that satisfy
In this case, the Bi (u) part of the wave function in Equation (7) satisfies the boundary condition at x = 0. Then, for this specific value of k, only the wavefunction of the first interval should be modified as
The wavefunctions for all intervals except i = 1 preserve their forms as given in Equations (8) and (9) . Note that for the Bi (−k 2 l 2 ) = 0 case, Equation (18) for P=1 reduces to σl = 1 πAi
By using Ψ (r) =
for the radial function, the above calculations may also be used to find the exact s state solutions (L = 0) of the three-dimensional Schrödinger equation with linear potential.
Conclusion
In this paper, we have studied bound states of the Schrödinger equation with Dirac delta decorated linear potential. The potential is given as
We have obtained transfer matrices and the eigenvalue equation by using the x 22 element of the total transfer matrix X. We have presented the wavefunctions in terms of Airy functions Ai and Bi. For P=1, we have obtained a transcendental equation for the bound state energies and calculated the change of energies for the low-lying bound states (n=1-10) for a linear potential with attractive or repulsive Dirac delta functions. We have used these results to calculate the shift of the Fermi energy of electron gas in a GaAs/GaAlAs junction containing an impurity.
By solving the eigenvalue equation for P=1, 2, 4, 8, we have investigated the change in the ground and first excited state energies for different strengths and positions of Dirac delta functions. We have also investigated the change in the ground state energy for a linear potential with Dirac delta functions at random locations.
Our calculations may also be used to solve exactly s state (L = 0) solutions of the three-dimensional Schrödinger equation with linear potentials by making a suitable change of variable in the radial part of the wavefunction.
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